The crossing numbers of join of the special graph on six vertices with path and cycle  by Klešč, Marián
Discrete Mathematics 310 (2010) 1475–1481
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
The crossing numbers of join of the special graph on six vertices with
path and cycle
Marián Klešč
Department of Mathematics, Faculty of Electrical Engineering and Informatics, Technical University, 042 00 Košice, Slovak Republic
a r t i c l e i n f o
Article history:
Received 9 January 2009
Received in revised form 14 August 2009
Accepted 28 August 2009
Available online 19 September 2009
Keywords:
Graph
Drawing
Crossing number
Join product
Path
Cycle
a b s t r a c t
There are only few results concerning crossing numbers of join of some graphs. In the
paper, for the special graph H on six vertices we give the crossing numbers of its join with
n isolated vertices as well as with the path Pn on n vertices and with the cycle Cn.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a graph, whose vertex set and edge set are denoted by V (G) and E(G), respectively. A drawing of G is a
representation of G in the plane such that its vertices are represented by distinct points and its edges by simple continuous
arcs connecting the corresponding point pairs. For simplicity, we assume that in a drawing (a) no edge passes through any
vertex other than its end points, (b) no two edges touch each other (i.e., if two edges have a common interior point, then at
this point they properly cross each other), and (c) no three edges cross at the same point. The crossing number cr(G) is the
smallest number of edge crossings in any drawing of G. It is easy to see that a drawing with minimum number of crossings
(an optimal drawing) is always a good drawing, meaning that no edge crosses itself, no two edges cross more than once, and
no two edges incident with the same vertex cross.
The investigation on the crossing numbers of graphs is a classical and however very difficult problem. The exact values of
crossing numbers are known only for few specific families of graphs. The Cartesian product (see the definition in [2]) of two
graphs is one of them. Harary et al. [6] conjectured that the crossing number of the Cartesian product CmCn of two cycles
is (m − 2)n, for all m, n satisfying 3 ≤ m ≤ n. This has been proved only for m, n satisfying n ≥ m,m ≤ 7. It was proved
by Glebsky and Salazar [5] that the crossing number of CmCn equals its long-conjectured value at least for n ≥ m(m+ 1).
Besides the Cartesian product of two cycles, there are several other exact results. In [2,9], the crossing numbers of GCn for
all graphs G of order at most four are given. In addition, the crossing numbers of GCn are known for some graphs G on five
or six vertices [4,16]. Bokal in [3] confirmed the general conjecture for crossing numbers of Cartesian products of paths and
stars formulated in [9]. Crossing numbers of Cartesian products of stars and paths with graphs of order at most five were
studied in [9,11,12]. The tables in [13,14,17] show the summary of known crossing numbers for Cartesian products of path,
cycle and star with connected graphs of order five.
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Fig. 1. The graph H on six vertices.
Fig. 2. The drawing of the graph H + nK1 .
It has been long conjectured in [20] that the crossing number of the complete bipartite graph Km,n equals bm2 cbm−12 c
b n2cb n−12 c. This conjecture has been verified by Kleitman for min{m, n} ≤ 6, see [10]. In 1986 Asano started to study cross-
ing numbers of multipartite complete graphs. In [1] he established the crossing numbers of the tripartite graphs K1,3,n and
K2,3,n. For the graph K1,4,n, the crossing number was given independently in [7,8]. The crossing number of the graph K1,5,n
was established in [19].
The join product of two graphs G1 and G2, denoted by G1 + G2, is obtained from vertex-disjoint copies of G1 and G2 by
adding all edges between V (G1) and V (G2). For |V (G1)| = m and |V (G2)| = n, the edge set of G1+G2 is the union of disjoint
edge sets of the graphs G1, G2, and the complete bipartite graph Km,n. Kulli andMuddebihal [18] gave the characterisation of
all pairs of graphs which join is planar graph. Using Kleitman’s result [10], the crossing numbers for join of two paths, join
of two cycles, and for join of path and cycle were studied in [15]. Moreover, the exact values for crossing numbers of G+ Pn
and G+ Cn for all graphs G of order at most four are given. Very recently, Zhang et al. [21] proved that the crossing number
of the graph K1,1,3,n is n2 − b n2c and, as a corollary, they showed that the crossing number of K1,3 + K1,n is the same.
Let D (D(G)) be a good drawing of the graph G. We denote the number of crossings in D by crD(G). Let Gi and Gj be
edge-disjoint subgraphs of G. We denote by crD(Gi,Gj) the number of crossings between edges of Gi and edges of Gj, and by
crD(Gi) the number of crossings among edges of Gi in D. It is easy to see that for three edge-disjoint graphs Gi, Gj, and Gk, the
following equations hold:
crD(Gi ∪ Gj) = crD(Gi)+ crD(Gj)+ crD(Gi,Gj),
crD(Gi ∪ Gj,Gk) = crD(Gi,Gk)+ crD(Gj,Gk). (1)
Let nK1 denote the graph on n isolated vertices and let Pn and Cn be the path and the cycle on n vertices, respectively. In
this paper, we determine the crossing number for the join of the graph nK1 with the special graph H on six vertices shown
in Fig. 1. This result enables us, in Sections 3 and 4, to give the crossing numbers of H + Pn and H + Cn.
In the paper, some proofs are based on Kleitman’s result on crossing numbers of complete bipartite graphs. More
precisely, he proved that
cr(Km,n) =
⌊m
2
⌋⌊m− 1
2
⌋⌊n
2
⌋⌊n− 1
2
⌋
, ifm ≤ 6. (2)
For convenience, the number bm2 cbm−12 cb n2cb n−12 c is often denoted by Z(m, n) in our paper. In the proofs of the paper, we
will often use the term ‘‘region’’ also in nonplanar drawings. In this case, crossings are considered to be vertices of the ‘‘map’’.
2. The graph H + nK1
The graph H in Fig. 1 consists of one 6-cycle, denoted by C6(H) in the paper, and of two edges which together with the
edges of the 6-cycle form two 3-cycles C3(abc) and C3(def ) and one 4-cycle C4(acdf ). The graph H + nK1 consists of one
copy of the graph H and n vertices t1, t2, . . . , tn, where every vertex ti, i = 1, 2, . . . , n, is adjacent to every vertex of H . Let
for i = 1, 2, . . . , n, T i denote the subgraph induced by six edges incident with the vertex ti and let F i = H ∪ T i. For the
simpler labelling, let Hn denote the graph H + nK1, in this paper. In Fig. 2 one can easily see that
H + nK1 = Hn = H ∪ K6,n = H ∪
(
n⋃
i=1
T i
)
. (3)
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Lemma 2.1. Let D be a good drawing of the graph H + nK1, n ≥ 3, for which every subdrawing of H + (n − 2)K1 has at least
6b n−22 cb n−32 c + 2b n−22 c crossings. If for two different i, j ∈ {1, 2, . . . , n}, crD(T i, T j) = p, crD(H, T i ∪ T j) = q and for every k,
k 6= i, j, crD(T i ∪ T j, T k) ≥ 6, then there are at least 6b n2cb n−12 c + 2
⌊ n
2
⌋+ p+ q− 2 crossings in D.
Proof. Without loss of generality, let crD(T n−1, T n) = p. Since Hn = H + nK1 = Hn−2 ∪ (T n−1 ∪ T n) and Hn−2 = K6,n−2 ∪H ,
using (1) we have
crD(Hn) = crD(Hn−2)+ crD(T n−1 ∪ T n)+ crD(K6,n−2, T n−1 ∪ T n)+ crD(H, T n−1 ∪ T n)
≥ Z(6, n− 2)+ 2
⌊
n− 2
2
⌋
+ p+ 6(n− 2)+ q
= Z(6, n)+ 2
⌊n
2
⌋
+ p+ q− 2. 
Lemma 2.2. Let D be a good drawing of the graph H + nK1 in which for some i, i ∈ {1, 2, . . . , n}, and for all j = 1, 2, . . . , n,
j 6= i, crD(H ∪ T i, T j) ≥ 4. If crD(H ∪ T i, T j) > 4 for k different subgraphs T j, then D has at least 6b n2cb n−12 c + 2
⌊ n
2
⌋ + k
crossings.
Proof. Assume, without loss of generality, that the edges of F n = H ∪ T n are crossed in D at least four times by the edges
of every subgraph T i, i = 1, 2, . . . , n − 1, and that k of the subgraphs T i cross the edges of F n more than four times. As
Hn = K6,n−1 ∪ F n, we have
crD(Hn) = crD(K6,n−1)+ crD(F n)+ crD(K6,n−1, F n)
≥ Z(6, n− 1)+ 4(n− 1)+ k ≥ Z(6, n)+ 2
⌊n
2
⌋
+ k. 
Lemma 2.3. cr(H + 2K1) = 2.
Proof. Assume r be the smallest nonnegative integer such that the removal of some r edges from the graph H+ 2K1 results
in a planar subgraph (H + 2K1)r of H + 2K1. The graph (H + 2K1)r is a connected spanning subgraph of the graph H + 2K1
with eight vertices and 20− r edges. By Euler’s formula, in any planar drawing of (H+ 2K1)r , there are 14− r regions. Since
(H + 2K1)r has girth at least three, 3(14− r) ≤ 2(20− r). So, r ≥ 2 and therefore cr(H + 2K1) ≥ 2. The reverse inequality
is confirmed by a suitable subdrawing in Fig. 2. 
Theorem 2.4. cr(H + nK1) = 6b n2cb n−12 c + 2
⌊ n
2
⌋
for n ≥ 1.
Proof. The drawing in Fig. 2 shows that cr(H + nK1) ≤ Z(6, n) + 2b n2c and that the theorem is true if the equality holds.
We prove the reverse inequality by induction on n. By Lemma 2.3, the theorem is true for n = 2 and, as the graph H + K1 is
planar, the case n = 1 is trivial. Suppose now that for n ≥ 3
cr(Hn−2) ≥ Z(6, n− 2)+ 2
⌊
n− 2
2
⌋
(4)
and consider such a drawing D of Hn that
crD(Hn) < Z(6, n)+ 2
⌊n
2
⌋
. (5)
Assume that there are two different subgraphs T i and T j that do not cross each other in D. Without loss of generality, let
crD(T n−1, T n) = 0. If the edges of T n−1 ∪ T n cross in D both 3-cycles C3(abc) and C3(def ), we have crD(H, T n−1 ∪ T n) ≥ 2.
If some of the considered 3-cycles, say C3(abc), is not crossed by T n−1 ∪ T n, then the vertices tn−1 and tn are placed in D in
different regions in the view of the subdrawing of C3(abc). In this case, all paths tn−1dtn, tn−1etn, and tn−1ftn cross the cycle
C3(abc) and crD(H, T n−1 ∪ T n) ≥ 2 again. Moreover, as cr(K6,3) = 6, crD(T i, T n−1 ∪ T n) ≥ 6 for every i = 1, 2, . . . , n − 2.
Hence, according Lemma 2.1, crD(Hn) ≥ Z(6, n) + 2
⌊ n
2
⌋
. This contradicts (5), and therefore crD(T i, T j) 6= 0 for all
i, j = 1, 2, . . . , n, i 6= j. Moreover, using (1) and (3) together with cr(K6,n) = Z(6, n)we have
crD(Hn) = crD(K6,n)+ crD(H)+ crD(K6,n,H)
≥ Z(6, n)+ crD(H)+ crD(K6,n,H).
This, together with the assumption (5), implies that
crD(H)+ crD(K6,n,H) < 2
⌊n
2
⌋
and hence, in D there is at least one subgraph T i which does not cross H .
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Fig. 3. The possible subdrawings of the subgraph F n = H ∪ T n in the drawing of H + nK1 .
Without loss of generality, let crD(H, T n) = 0 and let F n be the subgraph H ∪ T n of the graph Hn. In D there is at least one
subgraph T i, i ∈ {1, 2, . . . , n − 1}, for which crD(F n, T i) ≤ 3, otherwise, according Lemma 2.2, crD(Hn) ≥ Z(6, n) + 2
⌊ n
2
⌋
.
This contradicts (5). Consider now the subdrawing D∗ of F n induced by D. Our next analysis depends on whether or not the
edges of C6(H) cross each other in D∗.
Assume first, that the edges of C6(H) do not cross each other. Since crD(H, T n) = 0, all edges of T n are placed in D∗ in one
of two regions, say outside, in the view of the subdrawing of C6(H) and the other two edges of H not belonging to C6(H) are
placed inside the 6-cycle C6(H). The unique such drawing D∗ is shown in Fig. 3(a). It is easy to see that if, in D, some vertex
ti, i ∈ {1, 2, . . . , n − 1}, is placed inside C6(H) (regions β1, β2, and β3), then H is crossed by at least two edges joining ti
with the vertices of H . Moreover, as T i crosses T n, crD(F n, T i) ≥ 3. Consider now the region γ1. Four vertices of H do not
appear on the boundary of the region γ1 and two of them do not appear on the boundaries of the regions α2, γ2, and β1
which are neighbouring regions of γ1. So, if ti is placed in D in the region γ1, then the edges of T i cross the edges of F n at least
six times. With respect to symmetry of the drawing D∗, the same holds for the regions γ2, γ3, and γ4. On the boundary of
the region α1 there are only two vertices of H , and therefore, if the vertex ti is placed in D in the region α1, crD(F n, T i) ≥ 4.
For crD(F n, T i) = 4, the necessary condition is that two edges of T i joining ti with the vertices of H on the boundary of the
region α2 cross the edge of H on the boundary of α1. If only one such edge of T i crosses this edge of H , then crD(F n, T i) ≥ 5,
and if crD(H, T i) = 0, then crD(F n, T i) ≥ 6. Regarding to the symmetry of D∗, the same holds for the region α2.
Let r be the number of vertices ti, i ∈ {1, 2, . . . , n − 1}, which are placed in D in the regions β1, β2, and β3 or these in
the regions α1 and α2 for which the edges of T i cross H at least two times. In the drawing D, every of such subgraphs T i
crosses F n at least three times and at least two of these crossings appear on the edges of H . Let s be the number of such
vertices ti placed in the regions α1 and α2 for which T i crosses H once, and therefore crD(F n, T i) ≥ 5. As for at least one T i,
i ∈ {1, 2, . . . , n− 1}, crD(F n, T i) ≤ 3, we have r ≥ 1, and it follows from (5) that 2r + s < 2b n2c. The similar calculating as
in the proof of Lemma 2.2 gives the following
crD(Hn) = crD(K6,n−1)+ crD(F n)+ crD(K6,n−1, F n)
≥ Z(6, n− 1)+ 3r + 5s+ 6(n− r − s− 1)
= Z(6, n)− 6
⌊
n− 1
2
⌋
+ 6n− 6− 3r − s.
This, together with the assumption (5), gives
3r + s > 6n− 6− 6
⌊
n− 1
2
⌋
− 2
⌊n
2
⌋
= 4
⌊n
2
⌋
.
On the other hand, 2r + s < 2b n2c and the inequality
3r + s > 4
⌊n
2
⌋
> 4r + 2s
implies that
r + s < 0.
This contradiction with r > 0 and s ≥ 0 confirms that there is no drawing of the graph Hn with fewer than Z(6, n)+ 2b n2c
crossings in which the edges of the 6-cycle C6(H) do not cross each other.
Assume now that the edges of C6(H) cross each other in D. We know that in D there is at least one subgraph T i,
i ∈ {1, 2, . . . , n− 1}, for which crD(F n, T i) ≤ 3. As crD(T n, T i) 6= 0 for all i = 1, 2, . . . , n− 1, the inequality crD(F n, T i) ≤ 3
implies that crD(C6(H), T i) ≤ 2. Since crD(C6(H), T n) = 0, the vertex tn of T n lies in the region with all six vertices of C6(H)
on its boundary, and the condition crD(C6(H), T i) ≤ 2 enforces that in the subdrawing of C6(H)∪T n there is a region with at
least four vertices of C6(H) on its boundary. The unique subdrawing of C6(H) ∪ T n is shown in Fig. 3(b) and the considered
vertex ti lies in D in the region δ of this subdrawing with four vertices of C6(H) on its boundary. Thus, crD(C6(H), T i) ≥ 2
and, as crD(H, T n) = 0, at least one of the other two edges of H is placed in D in the same region and crosses an edge of T i.
Hence, crD(F n, T i) ≥ 4 and this contradiction completes the proof. 
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Fig. 4. The subdrawings of H ∪ T n and H ∪ T i in the drawing of H + Pn .
3. The graph H + Pn
The graph H+ Pn contains H+ nK1 as a subgraph. For the subgraphs of the graph H+ Pn which are also subgraphs of the
graph H + nK1 we will use the same notation as above. Let P∗n denote the path on n vertices of H + Pn not belonging to the
subgraph H . One can easily see that
H + Pn = H ∪ K6,n ∪ P∗n = H ∪
(
n⋃
i=1
T i
)
∪ P∗n .
It is easy to verify that for n = 1 the graph H + P1 is planar. For n ≥ 2, we have the next result.
Theorem 3.1. cr(H + Pn) = 6b n2cb n−12 c + 2
⌊ n
2
⌋+ 1 for n ≥ 2.
Proof. Fig. 2 shows the drawing of the graph H + nK1 with Z(6, n)+ 2
⌊ n
2
⌋
crossings. On can easily see that in this drawing
it is possible to add n − 1 edges which form the path P∗n on the vertices of nK1 in such a way that only one edge of P∗n is
crossed by an edge of H . Hence, cr(H + Pn) ≤ Z(6, n) + 2
⌊ n
2
⌋ + 1. To prove the reverse inequality we assume that there
is a drawing of the graph H + Pn with fewer than Z(6, n) + 2
⌊ n
2
⌋ + 1 crossings and let D be such a drawing. As the graph
H + Pn contains H + nK1 as a subgraph, by Theorem 2.4, cr(H + Pn) ≥ Z(6, n)+ 2
⌊ n
2
⌋
and therefore, no edge of the path P∗n
is crossed in D. For n = 2, the graph H + P2 has eight vertices and 21 edges. In the proof of Lemma 2.3 there is shown that
every graph with eight vertices and 20 edges has crossing number at least two. So, if there is a drawing of the graph H + P2
with fewer than three crossings, then the deleting of one crossed edge results in the subdrawing with at most one crossing.
This contradiction proves the case n = 2.
Assume n ≥ 3 and let, without loss of generality, crD(H, T n) = 0. Regardless of whether or not the edges of H cross each
other, in the subdrawing D(H) induced from D by H there are all six vertices of H on the boundary of one, say unbounded,
region and, in D, all vertices ti, i = 1, 2, . . . , n, are placed in this region. Since in the subdrawing D(F n) of F n = H ∪ T n there
are exactly two vertices of H on the boundary of one region outside H , the edges of every subgraph T i, i 6= n, cross in D the
edges of F n at least four times. Moreover, in Fig. 4(a) it is easy to see that if crD(F n, T i) = 4, then the edges of T i cross the
edges of T n exactly two times and crD(H, T i) ≥ 2. As crD(H + Pn) ≤ Z(6, n) + 2
⌊ n
2
⌋
, by Lemma 2.2, crD(F n, T i) = 4 and
crD(H, T i) ≥ 2 for all i = 1, 2, . . . , n− 1, and the edges of H are crossed at least 2(n− 1) > 2
⌊ n
2
⌋
times. On the other hand,
as H + Pn = H ∪ K6,n ∪ P∗n and as cr(K6,n) = Z(6, n), in D there are at most 2
⌊ n
2
⌋
crossings on the edges of H . This implies
that crD(H, T i) 6= 0 for all i = 1, 2, . . . , n. Moreover, for odd n there is at least one subgraph T i which does not cross H in D.
This contradiction completes the proof for odd n.
For even n, every subgraph T i crosses the edges of H and, as H has at most 2
⌊ n
2
⌋
crossings on its edges, crD(H, T i) = 1
for all i = 1, 2, . . . , n and crD(H) = 0. Up to the isomorphism, there are only two possible subdrawings of H induced
from D. One of them is shown in Fig. 1 and the second one is possible to obtain from the drawing in Fig. 1 by replacing the
vertex b into the 4-cycle C4(acdf ). In the second case there are at most five vertices of H on the boundary of one region
and, for fixed i, i ∈ {1, 2, . . . , n}, T i crosses H exactly once and the subdrawing of F i = H ∪ T i without crossed edge of
T i is shown in Fig. 4(b). As, in the view of the subdrawing of H , all vertices tj, j 6= i, are placed in the same region as the
vertex ti, crD(T i, T j) ≥ 4 and crD(F i, T j) ≥ 5. This, together with Lemma 2.2, contradicts the assumption that D has at most
Z(6, n)+ 2 ⌊ n2⌋ crossings. So, the only possible subdrawing of H induced from D is that shown in Fig. 1 and, in D, all vertices
ti are placed in the region with six vertices of H on its boundary. If for all i, j = 1, 2, . . . , n, i 6= j, crD(T i, T j) ≥ 3, then
in D there are at least 3
( n
2
)
> Z(6, n) + 2 ⌊ n2⌋ crossings. Thus, in D there are at least two subgraphs T i and T j for which
crD(T i, T j) ≤ 2.
Assume that the region with all six vertices of H is in D(H) inside the cycle C6(H) and consider the vertex ti placed in this
region. The edges of T i which do not cross H divides this region as shown in Fig. 5(a). The vertex tj for which crD(T i, T j) ≤ 2
must be placed in D inside the region of D(H ∪ T i) with three vertices of H on its boundary and the edges of T j cross two
times the edges of T i as shown in Fig. 5(b). Suppose that in D there is a subgraph T k, k 6= i, j, for which crD(T i, T k) < 3. Then
the vertex tk is placed in the same region of D(H ∪ T i) as the vertex tj and the edge of T k which crosses H is incident with
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Fig. 5. The possible placements of T i and T j inside D(H).
the same vertex of H as the corresponding edge of T j which also crosses H . So, crD(T i, T k) = 2. Fig. 5(c) shows the region
inside C6(H) divided by the edges of T j which do not cross H . It is easy to verify that the edges of T k incident with the same
vertices (the edges which do not cross H) cross the edges of T j at least four times. Hence, crD(T i, T j) = 2, crD(H, T i∪ T j) = 2
and crD(T i ∪ T j, T k) ≥ 6. This, together with Lemma 2.1, contradicts the assumption that D has at most Z(6, n) + 2
⌊ n
2
⌋
crossings. Up to the symmetry, the same contradiction is obtained if crD(T j, T k) < 3. If for every T k, k 6= i, j, crD(T i, T k) ≥ 3
and crD(T j, T k) ≥ 3, we have again crD(T i, T j) = 2, crD(H, T i ∪ T j) = 2 and crD(T i ∪ T j, T k) ≥ 6 which, together with
Lemma 2.1, contradicts the assumption. This completes the proof. 
4. The graph H + Cn
The graph H + Cn contains both H + nK1 and H + Pn as a subgraphs. Let C∗n denote the subgraph of H + Cn induced on
the vertices not belonging to the subgraph H . One can easily see that
H + Cn = H ∪ K6,n ∪ C∗n = H ∪
(
n⋃
i=1
T i
)
∪ C∗n .
On the other hand, the graph H + Cn contains the graph 6K1 + C∗n as a subgraph and
H + Cn = H ∪
(
6⋃
i=1
T i
)
∪ C∗n ,
where T i denotes the subgraph induced by n edges of K6,n incident with the ith vertex of H . The proof of the main result of
this section is based on the next Lemma 4.1 which was appeared in [15].
Lemma 4.1. Let D be a good drawing of mK1 + Cn, m ≥ 2, n ≥ 3, in which no edge of Cn is crossed, and Cn does not separate
the other vertices of the graph. Then, for all i, j = 1, 2, . . . , n, two different subgraphs T i and T j cross each other in D at least
b n2cb n−12 c times.
Theorem 4.2. cr(H + Cn) = 6b n2cb n−12 c + 2
⌊ n
2
⌋+ 2 for n ≥ 3.
Proof. In the drawing in Fig. 2 it is possible to add n edges in such a way that they, together with the vertices of nK1, form
the cycle C∗n and that the edges of C∗n are crossed only two times. Hence, cr(H + Cn) ≤ Z(6, n) + 2
⌊ n
2
⌋ + 2. To prove the
reverse inequality assume that there is a drawing of the graph H + Cn with at most Z(6, n)+ 2
⌊ n
2
⌋+ 1 crossings and let D
by such a drawing. By Theorem 3.1, no edge of C∗n is crossed in D, otherwise deleting the crossed edge from C∗n results in the
drawing of the graph H + Pn with fewer than Z(6, n)+ 2
⌊ n
2
⌋+ 1 crossings. So, the edges of C∗n do not cross each other and
all vertices of H are placed in the same region of the subdrawing D(C∗n ) induced from D. Every subgraph T i, i = 1, 2, . . . , 6,
induced on the edges incident with a vertex of H possesses the qualifications of Lemma 4.1 and therefore, in D there are at
least
(
6
2
)
b n2cb n−12 c > Z(6, n)+ 2
⌊ n
2
⌋+ 1 crossings. This contradiction completes the proof. 
5. Conclusion
As there is the unique planar drawing of the graph H with all vertices placed on the boundary of the unbounded region,
in Fig. 2 of the graph H + nK1 it is possible to replace every vertex ti by the graph H in such a way that every vertex of this
new copy of H is adjacent with the corresponding vertex of the subgraph H contained in H+nK1 and that none of the edges
of ith copy of H is crossed. The resulting graph is the Cartesian product HSn of the graph H and the star Sn = K1,n. Hence,
cr(HSn) ≤ 6b n2cb n−12 c + 2
⌊ n
2
⌋
and we conjecture the following:
Conjecture 5.1. cr(HSn) = 6b n2cb n−12 c + 2
⌊ n
2
⌋
for n ≥ 1.
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